TFDs provide the analyst with information unavailable from the signal time-domain representation or its frequency-domain representation. This includes the number of components present in the signal, the time durations and frequency bands over which these components are defined, the components' relative amplitudes, phase information, and the instantaneous frequency (IF) [3] laws that components follow in the time-frequency plane.
Just like some spectral estimates are better than others, some time-frequency distributions outperform other TFDs when used to analyze certain classes of signals [4] [5] [6] [7] . For example, the Wigner-Ville distribution (WVD) [1] , [4] is known to be optimal for monocomponent signals with the quadratic phase law [linear frequency modulation (LFM)] since it achieves the best energy concentration around the signal IF law [1] , [4] . The spectrogram [1] , [4] , on the other hand, results in an undesirable smoothing of the signal energy around its instantaneous frequency [4] .
The above example is just a simple illustration of the fact that choosing the right TFD to analyze the given signal is not straightforward, even for monocomponent signals. The task, then, appears to be more complex when one deals with multicomponent signals.
As an illustration, let us consider a multicomponent bird song signal [8] , represented in the ( , ) domain using the Born-Jordan distribution [1] , the Choi-Williams distribution [9] , the Modified B distribution [1] , [10] , the spectrogram, the WVD, and the Zhao-Atlas-Marks distribution [11] (see Fig. 1 ). Note that all TFDs in this and following examples in the paper are indeed windowed TFDs. Their effective window length [1] , [4] equals the window length of the spectrogram used in the relevant examples.
How do we determine which of the TFDs in Fig. 1 best represents the given signal? To answer this question, according to the common practice in TFSP, one would visually compare the six plots and choose the one that is most appealing. From Fig. 1 , we can see that the Modified B distribution and the spectrogram have "cleaner" plots (less interference present, better components' concentration) than the other considered TFDs. However, selecting the best time-frequency distribution, based only on the visual comparison of their plots, is in general difficult and subjective.
The need to objectively compare the plots in Fig. 1 requires the definition of a quantitative performance measure for TFDs. Some theoretical measures that deal essentially with signal concentration have been proposed in the literature [12] [13] [14] [15] . This paper uses objective quantitative measure criteria that take into account not only concentration but also TFDs' resolution aspects for a practical analysis in the case of signals with closely spaced components. The characteristics of TFDs that influence their resolution, such as components concentration and separation and interference terms minimization, are combined to define this quantitative measure criterion. The criterion is used to improve methodologies for choosing a TFD that best suits the signal in a given application by optimizing the resolution performance of considered TFDs and modifying them to better match the requirements of the application. The paper includes examples of a comparison of the resolution performance of quadratic TFDs, using the proposed measure criterion. In this context, we show that the Modified B distribution outperforms other TFDs for a class of signals with components closely spaced in the ( , ) plane. 
II. PERFORMANCE CRITERIA FOR TIME-FREQUENCY DISTRIBUTIONS

A. Monocomponent Signal
For a monocomponent FM signal, performance of its TFD is usually defined in terms of the energy concentration the TFD achieves about the signal instantaneous frequency [3] . One desires to minimize sidelobe magnitude relative to mainlobe magnitude and to minimize instantaneous (mainlobe) bandwidth about the signal IF . For a given time slice of TFD of a monocomponent signal , as illustrated in Fig. 2 , we may then quantify the signal TFD performance by the measure expressed as (1) For clarity of presentation, we limit ourselves to measuring the instantaneous bandwidth at 0.7071 (i. e.
) of the component (normalized) magnitude.
From (1), good performance of a TFD is characterized by a small (close to zero) value of its measure . The WVD of an LFM signal with long duration ( ), for example, has since [1] .
B. Multicomponent Signal
For a multicomponent FM signal, performance of its TFD involves not only the energy concentration the TFD attains about the respective IFs of each component but the resolution as well, as measured by the minimum frequency separation between the components' mainlobes for which their magnitudes and bandwidths are still preserved. Let us define these two notions.
1) Concentration: By extending the concept introduced in Section II-A for a monocomponent signal, we say that a TFD has best energy concentration for a given multicomponent signal if for each signal component, it yields the smallest • instantaneous bandwidth relative to the component IF ( ); • sidelobe magnitude relative to mainlobe magnitude ( ).
2) Resolution:
The frequency resolution in a power spectrum density (PSD) estimate of a signal composed of two single tones and is defined as the minimum difference for which the following inequality holds: (2) where and are the bandwidths of the first and the second sinusoid, respectively, as illustrated in Fig. 3 .
For most quadratic TFDs of a two-component signal, however, we also need to account for the effect of cross-terms on resolution (Fig. 4) . From Fig. 4 , we can see that in order to make (2) applicable to TFDs' time slices, TFDs should first minimize the cross-terms relative to signal components. Therefore, when evaluating the resolution performance of TFDs, the concentration requirement for each signal component needs to be complemented by the cross-term suppression requirement. Signal parameters important to be considered for this purpose are shown in Fig. 5 , which represents a time slice ( ) of a typical quadratic TFD of a two-component signal.
In Fig. 5 , , , , and denote, respectively, the instantaneous bandwidth, the instantaneous frequency, the sidelobe magnitude, and the mainlobe magnitude of the first component at time . Similarly, , , , and represent the instantaneous bandwidth, the instantaneous frequency, the sidelobe magnitude, and the mainlobe magnitude of the second component at the same time . is the cross-terms magnitude. An example of a TFD with nonresolved components is given in Fig. 6 , where the two signal components and the cross-term have merged in a single lobe. IFs f (t) and f (t). The middle peak is the cross-terms of magnitude A , whereas other smaller peaks are the two components' sidelobes with magnitudes A and A .
3) Resolution Performance Measure for Quadratic TFDs:
From (2) and Fig. 5 , the frequency resolution of TFD for a pair of components in a multicomponent signal may be quantified by the minimum difference ( ) for which a separation measure between the components' mainlobes, centered about their respective IFs and , is positive. The components' separation measure is defined as (3) where is the components' mainlobes average instantaneous bandwidth, and is the difference between the components' IFs. To obtain a better resolution performance of quadratic TFDs, we need to require that a) the separation measure is maximized and, concurrently, that b) the interference terms (crossterms and components' sidelobes) are minimized.
To maximize , we need to maximize the energy concentration for each component in any given pair of signal components under analysis. In other words, this will minimize the components' instantaneous bandwidths about their IFs.
The interfering terms, on the other hand, can be minimized by minimizing both the sidelobe-mainlobe magnitude ratio for each component (achieved by maximizing the components' concentration) and the cross-term-components' mainlobe magnitudes ratios (controlled by the choice of the TFD kernel parameter value [1] ).
It follows from the above that an overall measure of the resolution performance of a TFD for a pair of components in a multicomponent signal can be expressed as [16] (4) where , , and are, respectively, the average magnitude of the components' mainlobes, the average magnitude of the components' sidelobes and the cross-term magnitude and where , which is defined by (3) , is a measure of the components' mainlobes separation in frequency. We stress that this expression for the resolution performance measure takes into account the fact that different signal components can have different mainlobe and different sidelobe magnitudes.
From (4), we can see that a good resolution performance of TFD for a given pair of components in a multicomponent signal is characterized by a small (close to zero) positive value of the measure .
C. Example 1: Performance Measure and Comparison of TFDs
As an illustration of the use of the performance measure in (4), let us consider a multicomponent signal of duration defined as
The signal is represented in the time-frequency domain using a selection of TFDs (Fig. 7) . In this example, we compare the TFDs' resolution performance at the middle of the signal duration interval. Therefore, for each TFD, we take a slice at and measure the signal components' parameters , , , and , as well as the cross-term magnitude . These are then used to calculate the TFDs' resolution performance measure , which is defined by (4) . The measurement results are recorded in Table I , and the slices of the signal TFDs at are shown in Fig. 8 . As indicated by (4), a TFD that, at a given time instant, has the smallest positive value of the measure is the TFD with the best resolution performance at that time instant for the signal under analysis. From Table I, the Modified B distribution (  )  of signal gives the smallest value of at time and hence is selected as the best performing TFD of at .
D. Normalized Resolution Performance Measure
An alternative to the measure , which is defined by (4), is to combine , , and into a sum, rather than a product and, therefore, account for their effects more independently. This results in the following definition for the resolution performance measure [17] : (6) We would like to have a performance measure that is close to one for well-performing TFDs and close to zero for poor performing ones. This requires to be normalized for what we need to normalize each of its three contributing terms.
Since, from (3), for resolved components and, therefore,
can not be normalized, we have chosen to use ( ) instead of in (6) . Note that we want to minimize in order to achieve good frequency separation of signal components' mainlobes.
On the other hand, the sidelobe magnitude will always be smaller than the mainlobe magnitude , whereas the cross-term magnitude can be as large as twice the magnitude of the signal components [4] (we assume here normalized slices of TFDs, i.e., ). Therefore and
By combining the three normalized quantities into a sum and normalizing this sum, a resolution performance measure is obtained [17] : (8) where the scaling factor 1/3 normalizes the summation.
Smaller values of mean better resolution performance of TFDs. To make this measure be close to 1 for good performing TFDs and 0 for poor performing ones (TFDs with large interference terms and components poorly resolved), we have defined the normalized instantaneous resolution performance measure as [1, Art. 7.4]:
The parameters in (9) may be measured automatically as described in [18] . 
III. IMPLICATION OF THE MEASURE ON THE DESIGN OF TFDS FOR TIME-FREQUENCY SIGNAL ANALYSIS OF CLOSELY SPACED COMPONENTS
TFDs are expected to satisfy a certain number of properties that are intuitively desirable for a practical analysis. It was reported in [4] that a TFD should satisfy the marginals, i.e., a TFD should reduce to the spectrum and instantaneous power by integrating over and , respectively. Furthermore, a TFD is expected to have the IF as its first moment with respect to frequency [3] . These strict constraints on the TFD design led to the terminology of Cohen's class [4] .
The approach presented in this paper, however, is different and more in line with actual usage and practice. We first note that many popular TFDs (e.g., the spectrogram) do not satisfy the marginals and the IF moment condition. Yet, the spectro- gram has been a valuable tool in many practical applications, suggesting that the time and the frequency marginal and the IF moment constraints may not be strictly needed in practice. What is more important in most practical applications is to maximize the energy concentration about the IF for monocomponent signals and improve the resolution for multicomponent signals.
We have found from practical experience that a time-frequency representation of signal , needs to satisfy the following properties so that it can be useful for practical purposes and not just for theoretical interest [1, pt. I]:
P1 (Distribution of Energy): The TFD should be real and the signal energy in a certain region in the ( , ) plane (10) is a portion of signal energy in the frequency band and time interval . Note that and need to be selected in such a way that the uncertainty principle [19] is satisfied.
By integrating over the entire ( , ) plane, the signal energy is obtained, as described in [1] .
P2 (IF Peak Property):
The peak of the time-frequency representation of a monocomponent FM signal with respect to frequency should reflect the instantaneous frequency of the signal: (11) For multicomponent signals, the same property should apply to the individual components.
P3 (Concentration and Resolution):
The TFD of a monocomponent FM signal is expected to have a good energy concentration around the signal IF law. For a multicomponent FM signal, a TFD is expected to provide a good ( , ) resolution of the signal components; this requires a good energy concentration for each of the components and a good suppression of any undesirable artifacts.
P4 (Robustness to Noise): When a signal embedded in additive white noise is analyzed in the joint time-frequency plane, the noise is evenly spread in the plane [4] . For moderate-to-high signal-to-noise ratios, the signal components dominate over noise in the time-frequency plane, so their IF laws can be estimated from the peaks of TFDs dominant ridges (Property P2), provided the components are resolved (Property P3). It is desirable that such obtained IF estimates are as close as possible to the signal components' true IF laws, i.e., that they are minimum bias and minimum variance IF estimates.
In order to design TFDs that behave optimally in the difficult case of closely spaced multicomponent signals, we need to relate the above constraints for TFD design to the performance measure , which is defined by (9) . The first constraint ensures a physical interpretation of TFDs (i.e., energy conservation), whereas the last two (making the use of the Property P2 as well) directly relate to the resolution performance measure . Hence, the four properties could be reduced to essentially three combined ones. Therefore, to be a suitable tool for a practical high resolution time-frequency analysis, a TFD must do the following: 1) preserve and concentrate signal energy (Property P1); 2) reveal the IF law(s) of a signal by its peak(s) (Property P2); 3) maximize the measure , which is defined by (9) , in order to reduce the interference terms, while preserving components time-frequency resolution and improving noise performance (Properties P3 and P4). To define a quadratic TFD that meets these constraints, we could use the separable kernel TFD design procedure [1] and vary the Doppler and lag windows until is maximum for a given class of signals. One outcome of such procedure is the Modified B distribution (MBD), whose kernel is defined as [10] (12) where is the normalizing factor ( stands for the gamma function), and is a real, positive number that controls the tradeoff between components' resolution and cross-terms suppression.
The Modified B distribution was found to be the closest to the ideal compromise for the class of signals considered; it is almost cross-terms free and has high components' resolution in the time-frequency plane [1] , [10] . In addition, the MBD allows an efficient IFs estimation for multicomponent signals [10] . 
IV. SELECTING THE OPTIMAL TFD FOR A GIVEN MULTICOMPONENT SIGNAL
A. Methodology
The procedure for selecting the optimal TFD for a given multicomponent signal consists of the following steps.
1) Define a Set of Criteria for Comparison of TFDs:
The criteria must be related to the information we seek from a TFD (e.g., the number of signal components, their relative amplitudes, components' frequency modulation laws, etc.). A set of such criteria is defined in Section II for both mono-and multicomponent FM signals.
2) Define a Quantitative Measure for Evaluating TFDs Performance Based on These Criteria: The measure (9), for example, has been defined for evaluating the resolution performance of quadratic TFDs based on the comparison criteria described in Section II.
3) Optimize TFDs to Match the Comparison Criteria as Close as Possible:
The optimization procedure for a TFD with parameter (e.g., MBD with parameter or Choi-Williams distribution with parameter ) can be done as follows. First, we choose the initial value of the parameter (a value close to its lower bound) and calculate the TFD of a given signal. For each time instant in the time interval of interest (time instants over which we compare the performance of different TFDs), we take a slice of the TFD and measure its instantaneous performance [e.g., use defined by (9)]. The average of all instantaneous measures defines the interval performance measure of the TFD for the given value of .
The procedure is repeated for the next value of the parameter . The increment in should be neither too small (long computation time) nor too large (too "coarse" optimization results). The optimal value of the parameter is that , which maximizes the TFD interval performance measure. This maximum value of the interval performance measure will be called the TFD optimal performance measure.
4) Select the Best TFD for the Given Signal:
When all TFDs used to represent the given signal in the ( , ) domain are optimized, the TFD with the largest value of the optimal performance measure is selected as the optimal TFD of the analyzed signal.
B. Example 2: Optimal TFD of a Two-Component Signal in Additive White Gaussian Noise
This example illustrates how to use the above methodology for selecting the optimal TFD of the two-component signal (5) embedded in noise: (13) where is additive white Gaussian noise, with signal-tonoise ratio of 10 dB.
The signal , of duration , is analyzed in the ( , ) domain using the Born-Jordan distribution, the Choi-Williams distribution, the Modified B distribution, the spectrogram, the WVD, and the Zhao-Atlas-Marks distribution.
To find the TFD that best resolves the two LFM components of , we first optimize each of the considered TFDs, as defined in step 3 of the methodology [note that the WVD and the Born-Jordan distribution ( [1] equals 1/2, by convention) have no kernel parameters and, hence, need no optimizing]. The performance of TFDs is compared based on the criteria defined in Section II, using the measure (9) . The optimal resolution performance measure , corresponding to the time interval of interest , is found for each of the TFDs. Table II contains the results of the optimization process. It shows that the optimal TFD of the signal is the Modified B distribution with parameter since it has the largest value of . The time-frequency plots of the optimized TFDs are shown in Fig. 9 .
As explained in Section III, for a practical time-frequency analysis, an important property a TFD should satisfy is to accurately reveal the IF laws of signal components by the peaks of the TFDs dominant ridges. In Fig. 10 , we compare the true IF laws of the two LFM components of with those extracted from the peaks of the signal optimized MBD (best performing TFD of ) and the signal optimized spectrogram (second best TFD of ). The quality of the components' IF estimates is measured using the mean-square error (MSE). As indicated by the MSE values, which are recorded in Fig. 10 next to each of the two components, the Modified B distribution with provides more accurate IF estimates (smaller MSEs) than the spectrogram for both components of the noisy signal . In this paper, we have used simple examples of two-component signals to illustrate the new concept developed in the paper. However, more complex signals can be dealt with in the same manner, as shown in [20] (example of a multicomponent signal consisting of a linear FM component and a quadratic FM component, example of a three-component signal with different frequency separation between the components, and example of a two-component signal whose components have different magnitudes) and in [21] (example of an Australian bird song real-life, multicomponent signal).
V. CONCLUSIONS
This paper has presented two key results that are fundamental to a better understanding and use of time-frequency signal analysis tools.
The first result is a definition of an objective criterion to compare the resolution performance of time-frequency distributions for multicomponent signal analysis using a quantitative measure of goodness for TFDs. This result fills an obvious need in that until now, the comparison of the resolution performance of TFDs was primarily based on a visual impression of the plots of TFDs.
The second result is an improvement in the design of tools for high-resolution time-frequency analysis of multicomponent signals. By using the proposed resolution performance measure and removing limitations in the way "desirable" properties for quadratic TFDs are chosen, a new set of design criteria is defined. This led to the definition of the Modified B distribution, which is shown to outperform other TFDs in terms of time-frequency resolution and cross-terms suppression when used to represent signals with closely spaced components in the time-frequency domain.
The combination of these two results is important for the field of TFSP. It allows for the optimal selection of a TFD in a given application and opens the way for further research in developing high-resolution DSP tools for nonstationary signals by providing a measure of quality of TFDs and removing often unnecessary limitations.
